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(2)*=x* — hax s -[y°-iby + (bcy%y)]x->-lac*=Q, 

or y s -4x 2 -[i/ 2 -i/ + (25/j/)]x + 10Q=() (4). 

Eliminating x between (3) and (4) we get, 

12810240<V 2 -5366016(% 1 » -9985725784j/» ° +36190002752i/ 9 

+ 3078392352ti42/ 8 - 1 004805985048?/' -45552317590051/ 6 

-4948451989304i/ 5 + 108549292200950j/ 4 4-262168131252C% 3 

-545379844391252/«+268623315OO02/-49234858937500=0 . . . .(5). 

The prodigious amount of work necessary to arrive at (5) is wonderful, 
and great credit is due Mr. Bell for the above solution. 



DIOPHANTINE ANALYSIS. 

73. Proposed by H. C. WILKES, Skull Sun, W. Va. 

Given x % + y i +z 1 =p i + q* -f r 2 , to find unequal integral values for x, y, z, 
p, q, and r. 

I. Solution by M. A. GRUBER, A. ML, War Department, Washington, D. C. 

The conditions of the problem are satisfied in the following six identities, 
in which m, n and r represent any integers, the values being so chosen as to avoid 
zero in the residual quantities, 

(m+n + r) 2 + (w— r) 2 +(«.— r) 2 =(wi+w—r) s +(m + r) 2 +(n + r) 2 , 

(m + n + r)* + (m — n) 2 + («-r) 2 — (w— n+r) f +(m + n)*+(n + r)*, 

(m + n+r) s +(»«— n) 2 +(m— r)*=(r»— n— r) 2 + (m+n) 2 +(m + r) 2 , 

(ni.+n— r) 2 +(m— »t) 2 + (m+r) 2 =(TO— w + r) 8 + (m + n) 2 +(m— r) 2 , 

(m + n— r) 2 + (w— n) 2 + (n +r)*=(m— n— r) v +(m + n) 2 + («— r) 2 , 

(to— n + r) 2 +(m-r) 2 4(w + r) 2 ==(TO— w— r) 2 + (m+r) s +(n— r) 2 . 

These equations can be reduced to the following two formulas : 

( E± l^y + (aE ± | = ^y + (SL^)' =1 ,. + ,. +r . (1)i 

( ^y+^ )V(»±|g=L)' + pg=|±JL) , ==y . +g . +r . (2) . 

To insure integral results, assign to p, q, and r multiples of 3. 
As 3 things can be arranged in 6 different ways, there may be made, in 
regard to p, q, and r, 6 different substitutions with each set of assigned values. 

In Formula (1), these substitutions will produce 3 different sets of values 
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when the assigned values are different numbers. In Formula (2), however, on- 
ly one new set will be obtained for each set of assigned values. 

To obtain directly the 3 sets of values by Formula (1), arrange the set of 
assigned values in the order of their numerical greatness beginning with the 
largest number; then substitute these respectively for p, q, r ; q, p, r ; r,.q, p. 

II. Solution by CHARLES C. CROSS, Libcrtytown, Md. 

(m— n+p + q) s + (m— p— q)* + (m+n) i —(m + n— p— q)* + (m+p + q) i +(iii— «) 8 > 
(ra+w— p + q) 2 + (m— n— g) 2 +(TO+p)*=(m— n+p— g) 8 +(w + n + g) 2 + (m— p) s , 
(m.+n+p—q) s +(m—n—p) s + (m-i-q) 1 ==(,m~n—p + q) ls + (.m + n+p) i +(m—q) i . 

Three sets of the sum of three squares equals the sum of three other 
squares, having no term in common. 

Let w=25, m=10, p—3 and g=l. 

Then 19 ! +21 8 +35 2 =31 2 +29 2 + 15 8 ; 33 s + 14 8 +28 2 --^l7 2 +36 2 +22 5 , 
and 37 s + 12 2 +26 2 =43 2 +38 2 +24 2 . 

Three other sets of the sum of three squares equal to the sum of three 
other squares are given below, but they each have two terms in common. 

(.m+n+p + q)* + (m,— n— p)* + {m— q) 2 =(m— n— p— q) 1 + (m + n + p)* +{m + qY , 

(m+n+p + q)S + (m— p— g) 2 +(rra— n) 2 =(m— n— p— q) 3 + (m+p + q) 2 + (w + n) 2 , 

(m+«+p-t-<j) 2 +(m— n— q) 2 + (m— p) 2 — (m— n— p— q) a -f(m + n + q) 2 + (m+p) 2 . 

If we let m=am, n=bn, p=cp, and q—dq, the above sets become very 
general. 

HI. Solution by HON. JOSIAH H. DRUMMOND, LL. D., Portland, Me. 

It is manifest that if we find more than one integral value for x, y, and s, 
in x* +y i +z i =a the question is solved. 

Take x 2 + 2/ 2 +z 2 — p 2 ; assume z i =2xy and reducing we have x+y—p, and 
y—p—x, and z 2 — 2px— 2a; 2 =D=(say) g 2 a; 2 . Then 

in which q may be any number. Taking q=l, 2, 3, etc., we obtain values of x, 
y, and z in terms of p, and any number of them that we choose. To obtain in- 
tegral values, take p=the greatest common multiple of the denominators of the 
values taken, and we have as many values of x, y, and z, the sum of whose 
squares is constant ; and of course the sum of the squares of each set equals the 
sum of the squares of every other set. For example,, take q=l, 2, 3, 4. 
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__ 2p 4p 6p 8p 

z ~~~3~' T"' TT' IT - 

Takep=198. 

x=132 66 36 22. 

y= 66 132 162 176. 

2=132 132 108 88. 

Rejecting the first or second values, we have three solutions of the ques- 
tion. Of course, we may take any two different sets of values and obtain one so- 
lution of the question. 

IV. Solution by A. H. BELL, Hillsboro, 111. 

Let x*+y»+z t =p t +q*+r i =(.a t +h* f <s 2 )(c 2 + d 2 ). 

( C 2 +d 2 )=D. 

Then the general value will become (ac±:bd) 2 +(bc^pad) 2 +e 2 (c 2 + d 2 ). 
By substitution we obtain 7 sets of values. When paired there are 12 sets 
of unequal values answering the requirements of this problem. 

V. Solution by G. B. M. ZEES, A. M., Ph. D., Professor of Science and Mathematics, Chester High School, 
Chester, Pa. 

Let x=6m, y—10m, z=llm, p=7m, q=8m, r=12m. 
.-. x 2 +y 2 +z 2 =--p 2 +q 2 +r 2 . 

.-. (6ro) 2 4 (10m) s + (llm) 8 =(7m) 2 + (8m)« + (12wi) 8 =257m 2 , wheremcan 
have any integral value. 

VI. Solution by the PROPOSER. 

Let x— -m 2 +?i 2 , i/=m 2 +mn— n s , z~m 2 —mn—n s . 
x- y 2 z 2 

We have (m 2 +« 2 ) ! + (w z +mn— n 2 ) 2 — (m 2 — mn— n 2 ) 2 ~{m'' + 2mn— n 2 ) 2 ~p 2 . 
a; 2 z 2 y 2 

(m 2 -(-n 2 ) 2 + (m 2 — mn— n 2 ) 2 — (m 2 +mw— n 2 ) 2 =(TO* — 2mn— n 2 ) 2 =9 s . 
z 2 i/ 2 x 2 

(m 2 — mn + n 2 ) 2 +(m 2 +mn-f?i 2 )— (m 2 -|-n 2 ) 2 =(m 4 — 4m 2 n 2 +n*)=z 2 r* . 

Hence to find integral numbers that will fit the equation, we must find in- 
tegral values for m and n that will make (m 4 — 4to 2 « 2 +w 4 ) a square. 

Let to 4 — 4m 2 « 2 -rw 4 =r 8 (1). 

m 4 — 4m 2 n 2 + 4« 2 =(r + a) 2 , (2). 

m'-—2m i n 2 + n 4 =(r+&) 2 (3). 

3«4 „4 S« 4 -U«2 

From (l) + (2) we have r= \ a (4),m 2 =2n 2 + g . . . .(5). 

/ 1 ^ , ,„ u 2m 2 ra 2 -fc 2 tas , 2l 2m 2 « 2 +& 2 
From (l) + (3) we have r= . .(6), to 2 =--ii 2 H ^r . . .(7). 

From (4) + (6), 2am*n s —$bn 4 =ab 2 +a 2 b (8). 
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From(5) + (7), 2am i n i -%bn*~2abn i =ab i + a !! b (9). 

Subtracting (9) from (8), 2a6n 8 =2a6(6— a). Whence b— a=n* . 

Factoring (8), n?{2am i — Zbn.")— ab(b— a). Whence 2am t — Bbn i —ab. 

Put 2<z=m and by easy reduction we have 2wi 2 =6(6n+l). Since $(6« + l) 
cannot be a square 6/2 must be a square to make an integral. Then »» 2 — 
o/2(6» + l) is (m s + }n)/2 X (6n + t). n=4 being the only value that will make 
both factors a square, m=j/ [(w 2 + in)/2] x i/(6n+ 1)=15. 

.-. 3=241, y=269, z=149, p=329, q=S9, r=191. 



PROBLEMS FOR SOLUTION. 



ARITHMETIC. 

106. Proposed by ELMER SCHUYLER, High Bridge. N. J. 

AVhat is the amount of $1000 at compound interest for 3 years at 6%, if it be com- 
pounded every instant ? 

107. Proposed by R. V. ALLEN, Hooker Station, Ohio. 

A barn, ABCD, length AB=b feet, width AD=n feet, standing in an open field, has 
a horse tethered to a point, P, in the side, AB, distance AP=c feet, with a rope R feet 
long. Over what area can the horse graze ? 

*** Solutions of these problems should be sent to B. F. Finkel, not later than March 10. 



ALGEBRA. 

94. Proposed by J. W. YOUNG, Columbus, Ohio. 

r a: 8 + 14a;+l ~| 8 _ spg— 1)« 
bolve: Lp« + 14p*+l J ~p*(p*-lj*' 

Burnside and Panton's Theory of Equations, page 148, ex. 17. 

95. Proposed by SYLVESTER ROBINS, North Branch Depot, N. J. 

Substitute numbers in place of the letters in the following pattern : 

A=i/81 2 a 2 6 8 c 2 =81a6c. . . . , 6 s +c», a' + c 2 , a 2 + 6 2 ; and compute the 

areas and sides of the whole nest of integral, rational triangles. 

** # Solutions of these problems should be sent to .T. M. Colaw, not later than March 10. 



GEOMETRY. 

114. Proposed by WILLIAM HOOVER, A. M., Ph. D., Professor oi Mathematics and Astronomy, Ohio State 
University, Athens, Ohio. 

If a variable ellipse hyperosculate a fixed ellipse at the extremity of the minor axis, 
the locus of the foci is a circle whose diameter is equal to the radius of curvature. 



